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Introduction
In the recent years, there has been a growing interest in producing quantum states of light in which more than two photons are entangled. So far, up to six time-entangled photons have been produced through entanglement swapping [1] and photon triplets start being produced through cascaded nonlinear processes [2] or photon number post-selection in a single parametric process [3] . Multi-photon interferometry techniques have been developed to demonstrate the hyperentanglement of a large number of qubits [4] as well as phase super-sensitivity [5, 6] (for a recent revue on N-photon entanglement and interferometry see [7] ). Spatial entanglement [8] is particularly interesting for quantum information processing and communication because large Hilbert spaces can be easily manipulated using passive masks or active spatial light modulator [9] [10] [11] [12] [13] [14] . It can also be used to improve imaging resolution (quantum super-resolution imaging, quantum lithography) [15, 16] and produce distributed or "ghost" images [17] [18] [19] . Schemes to realise spatial N-photon entanglement (with N > 2) have been proposed [20, 21] . One can foresee that the manipulation of spatial entanglement of few-photon states of light [22] [23] [24] [25] will become an important research field in the forthcoming decade.
In this work, we investigate the physics of quantum imaging with N > 2 entangled photons. We describe the quantum state of the electromagnetic field using a N-particle wave function in position representation. Position representation is preferred to momentum representation because photon-position is what is actually detected by the photon-counters in a quantum optics experiment. However, in many experiments on spatial entanglement that have been performed so far, photons are generated by spontaneous parametric down-conversion in a nonlinear crystal and detected in the crystal far-field; in this particular case, people usually prefer working in momentum representation of the photon state since the position correlations in the far-field mimic the momentum correlations in the nonlinear crystal plane. In the case of an arbitrary optical system (made of lenses, mirror, masks, beam splitters, ...) between the crystal plane and the detection region, the use of the momentum representation for the field in the crystal plane will involve mixed propagators g(k, r j ), where r j are the positions of the photon-counters and k wave vectors [22, 23] . Such propagators arise because the photons generated through nonlinear interactions are first regarded as populating an ensemble of plane-wave modes (momentum representation). Then, when it comes to calculate the joint detection probabilities at some selected positions, the local interference of all these modes (that is the position representation) is calculated. Instead, if position representation is chosen from the beginning, the propagators have the usual and intuitive point-to-point form h(r, r j ). For applications of the photon position representation to quantum imaging problems with bi-photons (N = 2), see [11, 12] .
Application of standard Fourier optics techniques to the position representation wave function shows that the propagation of N photons through an optical system can be described by a generalized Huygens-Fresnel principle. This has been first noticed for biphoton states produced by parametric down-conversion in nonlinear crystals [26] [27] [28] . Our generalization to N-photon states brings new interesting features: (i) it introduces time in the diffraction integral (giving a space-time picture of entanglement propagation), (ii) it shows how to deal with interferometers in the photon path, and most importantly (iii) the formalism applies to quantum systems made of an arbitrary number of photons, possibly emitted by sources that are located in different transverse planes Σ j . To our best knowledge, this last situation has never been considered before in the context of quantum imaging despite its practical importance (see the generation scheme in [1] , for instance).
The article is organized as follows. In Sec. 2, we review the foundations of the position wave function representation of light. Then, we turn to paraxial approximation, derive the generalized Huygens-Fresnel principle (Sec. 3) and discuss the connection between the photon wave function and photodetection probabilities (Sec. 4). Finally, in Sec. 5 and 6, we apply the general formalism to specific examples. The example of Sec. 5 shows how an initial 3-photon position entanglement can be used to shape a 2-photon wave function through the detection of the third photon. In Sec. 6, we analyse an entanglement-swapping scheme acting on a pair of bi-photons produced in two different nonlinear crystals: combining the detection of two photons with wave front shaping of remaining two photons, entangled images can be created.
Photon wave functions in position representation
The position wave function of a photon is defined as the projection of the state vector on localized particle states (the eigenstates of the photon position operatorr) [29] . The very existence of such an operator for photons and the problem of photon localization has been a long standing debate that received a satisfying solution only recently. The existence of a proper photon position operatorr that has commuting Hermitian Cartesian components satisfying [r k ,p l ] = ihδ kl (p being the photon momentum) has been proven [29, 30] . The eigenfunctions ofr are transverse waves that can be interpreted as localized-photon states [31] . Any admissible singlephoton wave function is obtained as a linear combination of these localized states. N-photon wave functions are symmetric elements of the tensor product of N single-particle Hilbert spaces. However, the definition of the position operatorr is not unique. Therefore, there is more than one way to assign a position wave function to a single photon. The most popular one is probably the so-called Bialynicki-Birula-Sipe wave functionψ(r,t) = [ψ ψ ψ + (r,t) ψ ψ ψ − (r,t)] which has two vector components corresponding to photons with positive and negative helicity [32, 33] . Each vector component has a Fourier expansion that reads
where k = |k| and e ± (k) are the unit circular polarization vectors for photons propagating in the k-direction. Normalization is such that the complex coefficients f ± satisfy
This wave function transforms as an elementary object under Lorentz transformation and can be easily connected to Maxwell fields. In this work, we write the wave function is a slightly different (but equivalent) way that consists in summing both helicity components together:
Ψ Ψ Ψ(r,t) = ψ ψ ψ + (r,t) + ψ ψ ψ − (r,t).
This provides a vector representation instead of the bi-vector one [34] . Since ψ ψ ψ + and ψ ψ ψ − are orthogonally polarized, they never mix: if Ψ Ψ Ψ is given, ψ ψ ψ + and ψ ψ ψ − can be deduced. Therefore the information content in the vector function Ψ Ψ Ψ is the same as in the bi-vector fieldψ. Replacing the complex coefficients f ± (k) by annihilation operatorsâ ± (k) in Eq. (1), the fundamental photon field is found to be proportional to the positive frequency part of the electric field:Ψ
Note thatΨ Ψ Ψ ∝Ê (+) holds information about both electric and magnetic field. Therefore, it provides a complete information about electromagnetic configuration. To show this explicitly, one decomposesΨ Ψ Ψ again into its helicity componentsψ ψ ψ + andψ ψ ψ − and subtract them: this yieldsB (+) = µ 0 /2(ψ ψ ψ + −ψ ψ ψ − ), the positive frequency part of the magnetic field. In the second quantization formalism, the state of a single-photon wave packet writes:
and f ± (k) are the same spectral amplitudes that appear in Eq. (1) . The connection between the first and second quantization formalism is given by the relation Ψ Ψ Ψ(r,t) = 0|Ψ Ψ Ψ(r,t)|Ψ = −i √ 2ε 0 0|Ê (+) (r,t)|Ψ . Since Φ|Ψ Ψ Ψ(r,t)|Ψ = 0 for all |Φ = |0 , we have Ψ *
i (q) for any pair of points q = (r,t) and q ′ = (r ′ ,t ′ ), where the indexes (i, i ′ ) ∈ {x, y, z} 2 represent Cartesian components. This relates the Bialynicki-Birula-Sipe wavefunction to the usual first-order correlation functions of coherence theory. Therefore, in the context of first-order perturbation theory and dipole moment interaction with matter, |Ψ Ψ Ψ(r,t)| 2 is proportional to the photon absorption (detection) probability at point r at time t (see Sec. 4). In addition, |Ψ Ψ Ψ(r,t)| 2 d 3 r = Ψ|Ĥ|Ψ is the expectation value of the photon energy [32] [33] [34] . As a consequence, |Ψ Ψ Ψ(r,t)| 2 can also be interpreted as a spatial density of electromagnetic energy at time t. Strictly speaking, one cannot interpret |Ψ Ψ Ψ(r,t)| 2 in terms of photon probability density in position space despite it is a measure of photon energy localization [32] [33] [34] [35] .
The generalization to N-photon states
The connection between wave functions and fields is given by
and
(4) Eq. (4) shows that any field correlation function of a N-photon system can be computed as a product of two tensor elements of the N-photon wave function. As in the one particle case, the N-photon wave-function can be interpreted in terms of photodetection.
proportional to the joint probability of detecting the photons at space-time points (q 1 , . . . , q N ).
It should be noted that the multi-particle wave functions constructed in this section are different from those that are constructed from the bi-vector formψ(r,t) = [ψ ψ ψ + (r,t) ψ ψ ψ − (r,t)] of the Bialynicki-Birula-Sipe wave function [36, 37] . The later cannot be directly interpreted in terms of N-photon detection amplitude because they contain a magnetic part to which electric dipole detectors are insensitive. However, since in paraxial approximation the magnetic field carries the same energy as the electric field, the square of both wave functions are proportional. Therefore, joint photo-detection probabilities calculated from vector and bi-vector wave functions are identical.
In [36] , it has been shown that the bi-vector form of a Bialynicki-Birula-Sipe wave function satisfies a Maxwell-Dirac differential equation whatever the number of photons N in the system. This equation can be used to study the photon propagation in vacuum, in (not dispersive, possibly inhomogeneous) dielectrics, and at interfaces. It is well suited to study propagation in waveguides or in scattering media such as a turbulent atmosphere as demonstrated in [36] . However, to study the propagation of N photons through a table-top optical setup made of masks, lenses, mirrors and beam-splitter, an integral approach similar to the Huygens-Fresnel principle in coherent optics is more suitable. Such an integral formulation is paraxial and neglects all boundary conditions (in particular reflections at the interfaces of optical elements), except a set of reference surfaces (usually planes) on which the field values must be specified. We derive such a formulation in the next section.
Generalized Huygens-Fresnel principle
We first consider free-space propagation. We make the simplifying assumption that we deal with paraxial states of light, in which case polarization does not change much during propagation. Therefore, we drop the polarization-related indexes. Considering photons propagating along the z-axis, we use the Huygens-Fresnel principle [38] to expressÊ (+) at some point as a function of its values on a reference plane Σ j at z-coordinate ζ j ,
and inject this in Eq. (3):
Note that, in principle, up to N different reference surfaces can be appear in Eq. (6) -one per occurrence of theÊ (+) -field in Eq. (3). For indistinguishable photons, these boundary conditions must be properly symmetrized to leave the wave function unchanged under particle exchange. We call Eq. (6) the generalized Huygens-Fresnel (GHF) principle for N-photon wave functions. In Eqs. (5) and (6), ρ ρ ρ j = (ξ j , η j , ζ j ) ( j ∈ {1, . . . , N}) are points in the ζ j -plane and ρ ρ ρ ⊥ j = (ξ j , η j ) are their transverse components. In the optical domain, photons are usually quasi-monochromatic. Therefore, the wave function can be written where a(r 1 ,t 1 , . . . , r N ,t N ) is a slowly varying function of time and λ j ( j ∈ {1, . . . , N}) are the central wavelengths of the photons. Note that nothing prevents photons from having the same central wavelength or even being indistinguishable. Inserting that anzats in Eq. (6) and taking into account that a(r 1 ,t 1 , . . . , r N ,t N ) is slowly varying in time, one obtains
If propagation from ρ ρ ρ i to r i is through an optical system, the free space propagator
must be replaced by the appropriate one h i (r i , ρ ρ ρ i ), which can be computed using standard Fourier optics techniques [38] . With this generalization, Eq. (7) becomes
where
The indexes k i label the different paths from ρ ρ ρ i to r i . That Fourier optics techniques can be applied to multi-photon wave functions has been first noticed in works [26] [27] [28] . Compared to these works, the present formulation brings new interesting features: (i) It introduces time in the diffraction integral. This gives a space-time picture of entanglement and enables a time-resolved analysis of N-photon wave packet propagation and detection [39] . Time-resolved detection is already practical with very monochromatic photons emitted by atomic sources [40] . (ii) Eq. (10) shows how to deal with interferometers in quantum imaging set-ups. As seen from Eq. (10), one cannot account for unbalanced interferometers in the propagators only. Placing independent interferometers in the paths of entangled photons makes it possible to explore the spatial and/or multi-particle counterparts of Fransonlike interferometry [41] . (iii) The present formalism applies to quantum systems made of an arbitrary number of photons, possibly emitted by sources that are located in different transverse planes Σ j . In schemes that generate N-photon entanglement through multiple nonlinear interactions (up-and down-conversions), the surfaces Σ j may represent the (thin) nonlinear crystals in which the interaction takes place. The propagation of photons coherently created in these planes, possibly at different times, can be calculated using Eq. (9). An example of such a situation is worked out in Sec. 6.
Detection process and wave function reduction
As pointed out in Sec. 2, |Ψ(q 1 , . . . , q N )| 2 is proportional to the joint detection probability to detect the N photons at points q 1 = (r 1 ,t 1 ) to q N = (r N ,t N ). What happens when a photon is indeed detected at point q * N ? In contrast to standard detection theory, the quantum state of the N th is not projected on a localized state |q * N but rather on vacuum |0 since the photon disappears. Therefore photodetection process should be modeled by the projection operator |0 q * N | acting on the N photon quantum state |Ψ . In terms of position wave functions, this simply means that the N-particle wave function Ψ(q 1 , . . . , q N ) is instantaneously reduced to a (N − 1)-particle wave function Ψ(q 1 , . . . , q N−1 |q * N ) in which q * N is not a variable anymore. It is important to realize that the quantum state is still a pure state after the detection of one of its photons. Therefore, starting with N + M photons, it is possible to shape a desired N-photon wave function by designing an appropriate detection scheme for the M ancillary photons. An example illustrating this point will be developed in Sec. 5.
The situation is different if "bucket" detectors are used. Such detector record the arrival time but not the position of the detected photon. If the N th photon of a N-photon system is detected in a bucket detector at time t * N , the remaining N − 1 photons are projected on a mixed quantum state. The joint detection probability of the remaining photons at points q 1 = (r 1 ,t 1 )
where D is the region in which the N th photon could have been detected. As pointed out before for biphotons [27] , this probability usually differs from the one obtained by simply tracing over the degrees of freedom of the N th photon.
Shaping the wave function through the detection process: application to superresolution imaging
To illustrate how the reduction of a three photon state can be used to shape the wave function of the remaining two photons, consider the set-up of Fig. 1 . A multi-step nonlinear process as in [20] produces photon triplets in a thin nonlinear crystal. We assume perfect energy and momentum conservation, so that the photon triplets are entangled in space and time. In the plane of the device:
where E and F define the temporal and transverse width of the 3-photon wave function. A dichroic beam splitter (DBS) separates two degenerate photons (wavelength λ 1 ) from the third one (wavelength λ 2 ). In the λ 1 output, two thin lenses (focal f 1 
where Bob's side, conditionally to the detection of the λ 2 photons at the appropriate position. Such a procedure is an example of a remote state preparation protocol (RSP). RSP is similar to quantum teleportation (QT) in the sense that in both cases Alice wants to send a quantum state to Bob. The difference with QT is that in RSP Alice knows the state that she want to transmit to Bob. Recently, an efficient method for remotely preparing spatial qubits has been designed [44, 45] . In another publication, a teleportation of the entire angular spectrum of a single photon has been reported [46] . In the setup of Fig. 1 , the spatial profile of the bi-photon at λ 1 will be quasi-Gaussian. Therefore, the tilt controls the propagation axis of the beam and the wavefront curvature controls its beam waist. The waist position is the only parameter that Alice cannot control independently. If she communicates to Bob one real number -the offset Bob needs to apply to his reference frame in order to have the beam waist at the right z-coordinateshe could create at Bob's site any Gaussian beam. This RSP requires an entangled state and the communication of a real number. This simple protocol can probably be improved to reduce the amount of the required classical communication.
Entangled images
To illustrate how to apply the GHF principle when the photons are generated in two different nonlinear crystals, consider the scheme of Fig. 2 . A pump pulse is split in two parts using a 50/50 beam splitter (BS). The two pump parts are coherent and produce non degenerated collinear photon pairs (at λ 1 and λ 2 ) in two different non linear crystals (NLC) Γ 1 and Γ 2 . Two dichroic mirrors are used to separate λ 1 and λ 2 photons. Finally, photons at λ 1 are made to interfere on a second 50/50 BS and are detected using two point-like single-photon detectors, D a and D b , placed on the optical axis. Note that we call z the coordinate along the optical axis independently of its direction changes due to the BSs and DBSs.
Assuming that the crystals are thin and that the pump pulse is a quasi-plane wave, the 4- photon position wave function generated in the NLCs reads
where E(t) is the temporal profile function of the pump wave. Eq. (11) assumes a perfect momentum conservation between the pump, the signal and the idler photons during the nonlinear generation process: [18] ). Changing from the momentum to the position basis, it turns out that the signal and idler photons must originate from the same scattering point in the crystal. Another way of arriving to that conclusion in explained in [47] , where the theory of spontaneous parametric down-conversion is explained in the wave function formalism. The wave function has been symmetrized with respect to the coordinates ρ ρ ρ 1 and ρ ρ ρ ′ 1 of the λ 1 photons. This symmetrization is necessary because, if a λ 1 photon is detected at r a (or r b ) there no way to know if it came from one NLC or the other one (see Fig. 2 ). No symmetrization with respect to the λ 2 photons is needed because their is no ambiguity about their origin when they are detected at r c and r d . We assumed that the NLCs are placed at different positions (∆) in the two arms of the setup in Fig. 2 to stress that geometrical symmetry is not required to made the λ 1 photon indistinguishable.
The propagation to the points r a , r b , r c , and r d can be computed using the GHF intergral (9):
Note that according to Fig. 2 , the integration surfaces for coordinates ρ ρ ρ 2 and ρ ρ ρ ′ 2 are the non linear crystal planes Γ 1 and Γ 2 . However for coordinates ρ ρ ρ 1 and ρ ρ ρ ′ 1 the integration surface is Γ 1 ∪ Γ 2 since those coordinates represent photons that cannot be distinguished by the detection scheme. Inserting the two photon amplitude (11) into Eq. (12), one gets:
where τ 1 = (L + s c − (l + ∆))/c is the propagation delay from the NLC Γ 1 to the detector r c , while τ 2 = (L + q − s c )/c and τ
are the propagation delay difference between the λ 1 and the λ 2 photons to their respective detectors. As expected, the detections of the λ 2 photons are usually not synchronous although they happen during a time bin equal to the pump duration. However, a detection of the λ 2 photons at times t c and t d heralds the arrival of the λ 1 photons at times t c + τ 2 and t d + τ ′ 2 . Unless the λ 2 photons are detected at times t c and t d such that t d = t c + τ 2 − τ ′ 2 , the λ 1 photons are distinguishable by their arrival time (measuring the arrival time of the photon detected at r a reveals NLC it originates from). By post-selecting only coincidence detection events at space-time point (r c ,t * ) and (r d ,t * + τ 2 − τ ′ 2 ) the two-photon wave function of the λ 1 photons is projected on
where φ ac (r a ) = h a (r a , ρ ρ ρ
φ bd (r b ) =
φ bc (r b ) = 
Such a state is a pure entangled two-particle state, although not a maximally entangled Bellstate since photon position wave functions are not restricted to a two-dimensional Hilbert space. Furthermore, by designing the propagators h α (α ∈ {a, b, c, d}), a large variety of entangle states can be produced. In particular, if the propagation from the last BS to the detectors r a and r b is identical, h a (r a , ρ ρ ρ) = i h b (r b , ρ ρ ρ) and h a (r a , ρ ρ ρ ′ ) = −i h b (r b , ρ ρ ρ ′ ). As a result, φ ac (r) = i φ bc (r) ≡ φ 1 (r), φ bd (r) = −i φ ad (r) ≡ φ 2 (r), and the quantum state (14) M 2 ) . The arrangement is such that the detectors r a and r b are in the Fourier planes of the lenses relatively to the two-photon imaging conditions. In other words, we assume that the following two-photon lens law is satisfied:
with
Note that the second equality in Eq. (18) can only be satisfied simultaneously with the first one if
